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Abstract

The mass of electromagnetic radiation in a cavity is considered using the correct
relativistic approach based on the concept of a scalar mass not dependent on
the particle (system) velocity. It is shown that due to the non-additivity of
mass in the special theory of relativity the ensemble of chaotically propagating
mass-less photons in the cavity has a finite overall mass.

1. Introduction

It is generally accepted that the photon mass my, as the mass of an elementary particle is equal
to zero [1]. Contrary to what is sometimes stated, it would have not been catastrophic and
no basic laws of nature would have been violated if the quantity m,, had been non-zero [2],
however small enough in order not to contradict the totality of already available experimental
data in many areas of physics. Nevertheless, at present electrostatic, magnetostatic and other
measurements and estimations testify that m,, = 0 with a very impressive accuracy [3]. The
least upper limit mg{]“ = 107 g was obtained by the analysis of the interstellar gas stability
in the magnetic field [4].

It should be noted from the outset that the mass we are talking about is the only kind of
physical mass existing in nature (in view of the equivalence between inertial and gravitational
masses), which is a relativistic scalar quantity, not changing under Lorentz transformations.
Therefore, the very notions of the so-called relativistic or dynamical mass (see, e.g., [3, 6]) are
meaningless and contradict the above-mentioned simplest possible transformational properties
of the mass m. Mass is a scalar for both an elementary particle and a macroscopic object.
Unfortunately, this circumstance was fully recognized [7-13] many decades after Einstein’s
formulation of the special theory of relativity [14].

0143-0807/07/040649+07$30.00 (© 2007 IOP Publishing Ltd Printed in the UK 649


http://dx.doi.org/10.1088/0143-0807/28/4/004
mailto:gabovich@iop.kiev.ua
http://stacks.iop.org/EJP/28/649

650 A M Gabovich and N A Gabovich

The erroneous notion of relativistic mass led in the past to another misconception of
the finite photon mass n,, # 0, named a dynamical or a ‘field” mass [15-18]. It seems
that the methodologically incorrect link that united both notions was the implicit application
of the dynamical Newton law in its original form to ordinary massive particles as well as to
the photon. However, it was already shown by Planck in 1906 [19] that the dynamical law in
the special theory of relativity has a different form than that in classical mechanics

d
a(myv) =F. (1)

Here v is the velocity, y (v) = (1—v?/c?)~'/2, F is the force and m is the mass of an accelerated
body. The light speed ¢ enters the famous relativistic factor y(v) and is the limiting value for
v. The time derivative is applied to the relativistic momentum p = my (v)v constituting the
first three components of the four-dimensional energy—momentum vector [7, 8] and differing
from the Newton expression mv.

The only mass used in equation (1) is the conventional scalar mass m, which is often
called the ‘rest mass’ by the adepts of the relativistic mass. As we have already indicated
[3, 4], the mass m is zero for the photon. Therefore, this particle cannot be accelerated or gain
any mass of the mysterious ‘field’ (or ‘dynamic’) origin. This means that the original photon
mass 11, Temains zero, whatever the photon frequency, energy or momentum.

On the other hand, one can examine some finite volume containing electromagnetic
radiation and analyse, whether its mass is zero or non-zero. By no means can an immediate (and
wrong!) conclusion be made that a finite amount of radiation consisting of zero-mass photons
has zero mass itself. Although the failure of such a generalization seems almost evident, we
have never come across any elementary proof of the finite mass of the electromagnetic field on
the basis of the photon approach. This proof is presented below and applications are made to
some problems which are interesting for university undergraduates. It is even more important
since the usage of misconceptions mentioned above renders the correct analysis impossible,
so that the whole issue should be reconsidered at greater length.

2. The non-additivity of masses in the special theory of relativity

In relativistic theory the mass is not an additive quantity [10, 11, 20], contrary to what seems
so trivial for Newtonian mechanics. This very often neglected fact can be inferred from a
consideration of an energy £, and momentum p;, for a composite consisting of two non-
interacting particles with partial energies £}, and momenta p;,. The particles were chosen
as non-interacting, because in the special theory of relativity the position-dependent potential
energy Uj,(ry, rp) cannot be unambiguously defined for the general case of constituents moving
relative to each other. This difficulty leads to the approximate character of the corresponding
Planck equation (1), because the conventional expression for the inter-particle force Fyx(ry,
r;) = —VU,(ry, 1p) does not take into account the retardation of the interaction due to the
finiteness of c¢. This circumstance might not be practically important but its existence should
be always kept in mind for principal reasons. In our case of linear electrodynamics, photons
do not interact and all such reservations concerning possible forces become redundant.

The non-additivity of masses can be easily obtained from the additivity of conserved
properties: energies and momenta for particles in question. Namely,

Epn =E1+E 2
and

Pi2 = P1 +P2. 3)
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At the same time a dispersion law of the free elementary particle in the special theory
of relativity has a more sophisticated form than in Newtonian mechanics and can be
readily obtained either from the four-dimensional Minkowski approach [21, 22] or Einstein’s
composition law for velocities [23]:

E = c/p* + m3c2. 4)

From equations (2), (3) and (4) one obtains the mass m, of the composite object

E} 2 Ei + E»)? )2
mu:\/i_lpnl :\/( 1+ E)”  (py Pz). 5)

c4 c? c4 c?

One can easily ascertain that m, % m; + my, contrary to what is characteristic of the non-
relativistic case. Equation (5) can be generalized to systems consisting of more than two
components. The very significant property of this equation is the dependence of the combined
mass on the relative motion of the constituents.

3. Application to photons

The relativistic equation (5) can be used not only for massive particles but also for photons,
notwithstanding the zero value of mass for the latter. Really, the only difference arising for a
photon consists of the reduction of the square-root equation (4) into a linear one

E =clpl, (6)

whereas the relationship (5) remains intact. Let us restrict ourselves, as before, to the bi-photon
complex.

Consequently, two limiting possibilities become evident [10, 12]. Specifically, if photon
momenta are parallel, the momentum sum in (5) can be rewritten as follows,

E, E,
_+_

2
1
(P1+p2)? = (pin+pan)? =n’(p + p)* = ( . ) = C—2(E1 + E,)?, @)

c

where n is the unit vector in the direction of the photon movement. From equations (5) and
(7) it comes about that m}5 = 0. The same is true for any photon number. It means that the
parallel light beam is mass-less, although it has a finite momentum and can exert pressure on
a target, which can be calculated either by the classical Maxwell theory [24] or using [25] the
heuristic Einstein’s photon picture [26]. Of course, the result is the same in both approaches.

On the other hand, if the photon momentum directions are opposite, i.e. n; = —ny, the

momentum sum in (5) equals zero and the mass of the bi-photon complex is finite,

antiper _ B2 (E1+Ex)  (pi+p2)  h(vi+v) g
My =5 = 3 = = - ®)

C C C

Here % is Planck’s constant, v; and v, are the photon frequencies. This result shows,
in particular, that the conventional elementary interpretation of the particle—antiparticle
annihilation is wrong. Indeed, if an electron e~ with a momentum p. = m.) v, and a positron
e* with an opposite momentum p, = —p, collide and annihilate in the final state one has
radiation quanta instead of matter. Since conservation laws of both energy and momentum are
obeyed, the resulting two photons have equal energies E; = E, = hv = m.y ¢’ and momenta
Pphi = hvny/c = —pppo = —hvny/c, where ny = —n, similar to the general case considered
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above. The resulting finite mass of this particular bi-photon complex

Ep (E1+ E») 2hv E.+ EP
_2:—2 :—2: ]/ne)/:—2 (9)

annih __

12 -

C Cc Cc C

is exactly equal to the initial mass 2m. of the electron—positron system times the relativistic
factor y.

The last equality in (9) was based on the correct Einstein’s formula linking the system
rest energy E( and its mass m [10—12, 27]

Eo = mc?. (10)

For colliding electrons and positrons the energy Ey must be calculated by definition in the
reference frame, where the centre of inertia is at rest. Nevertheless, the kinetic energy of two
particles moving ‘inside’ the system, which constitutes the simple system in question, must
be taken into account. Therefore, m = me,, = 2m.y, where the factor y makes allowance for
the kinetic energies of both electrons and positrons. It is remarkable that actually

P h
m‘]i;ml = Me+p, (11)

although usually in textbooks the above considered annihilation process is treated as such,
where the overall mass is not conserved. In general, however, the mass may or may not
conserve in relativistic physics, where the Lavoisier law is not necessarily valid.

One should stress that for an arbitrary angle between two photon momenta in the bi-photon
complex its mass n11, can have any value in the range

(12)

4. Electromagnetic radiation in a cavity

Now let us examine a vessel with a closed cavity of volume V at the thermodynamic
equilibrium. At any temperature, 7, some amount of electromagnetic radiation will be
contained inside the cavity [24]. For our didactic purposes, it is instructive to consider
this radiation as a gas of photons. Of course, strictly speaking the radiation in the cavity
should be treated by quantum electrodynamics [1, 28], a beautiful theory going far beyond
our elementary model considerations. Moreover, the very notion of a ‘photon’ does not work
in many situations [28, 29]. Nevertheless, in the studied case, where coherence problems
are not on the agenda, we can show that good old Einstein’s heuristic idea [26] is still
helpful.

Our analysis is based on the assumption of the chaotic character of the photon motion in
the cavity. The assumption seems quite reasonable because there is no preferable direction
of photon random flights or any preferable absorption and radiation sites. Hence, the photon
contribution to the mass of the cavity can be estimated by averaging over all possible directions
of photon propagation. It is worth noting that an analogous contribution to the mass of a box
from the kinetic energy of confined non-interacting particles has been calculated recently [30].
Thus, the radiation is considered as a chaotic ensemble of relativistic particles with momenta
Pph; = N;hv;/c, where the subscript ‘i’ denotes the ith photon. We are no longer restricted
to two photons, because the photon spectrum and numbers are determined by 7. The total
momentum of the radiation

Poa =) Ppni (13)
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is equal to zero due to the equiprobability of any n; and —n;. Similarly to equation (8) this
means that the total mass of the radiation M,,q is non-zero and is given by the relativistic
expression

= () (22 ] <[ (2]

1 1

1
Erad 2| Erad
- |:< c? ) :| T2 4

where E,,q is the radiation energy.

Result (14) is quite natural and fully agrees with Einstein’s fundamental relationship
(10). The existence of the mass component (14) testifies that the total mass of the cavity
includes not only the mass of the enclosed gaseous particles of whatever origin but that of the
confined radiation as well. The gas particle and photon mass contributions are caused both
by particle masses and the dynamical terms: the gas internal energy and the electromagnetic
energy. Due to the absence of the mass additivity in the special theory of relativity, the zero
value of the photon mass is not an obstacle to the appearance of the total radiation mass
M..q # 0. This circumstance has been overlooked so far.

We stress that the very effect of the mass non-additivity has a dynamical nature, i.e. it
results from processes in the intrinsic frame of reference. In contrast, if one considers the
same system from the viewpoint of another reference frame, relative to which the hollow
vessel moves as a whole with a certain velocity v.es, this kinematical circumstance does not
change the vessel mass, although the total energy E of the vessel will change according to the
relativistic law

)=

E = Ey x y(vves)~ (15)
Here Ej is given by Einstein’s formula (10) with the frame-independent scalar mass myes of
the vessel.

For the specific estimations of the dynamical mass terms defined above we take into
account the 7 uniformity in the equilibrium state for all the cavity contents and the vessel
walls. First let us examine the contribution Mgu™™ of the internal energy of a gas which is
chaotically moving in the cavity. For simplicity, the gas is assumed to be monatomic and ideal.
The latter assumption is reasonable for a room temperature 300 K and an ambient pressure
P of one atmosphere. These conditions will be hereafter assumed to be valid. (We shall not
estimate a trivial although substantially larger ‘non-relativistic’” contribution M, = my x nV,
where m, is the atomic mass and » is the number of atoms in the unit volume.)

The internal energy Egn", which for an ideal gas coincides with the kinetic energy of
its molecules, is given by the equation (see, e.g., [31])

EQM™ = 3nkgTV. (16)
Here kg is the Boltzmann constant. Once more using the basic equation (10) we obtain
Edynam
dynam __ gas
My ™" = a2 a7

For the adopted standard conditions and V = 1 cm® we estimate Mg "™ ~ 1.6 x 10715 g,

Bearing in mind equation (14) the next step is to calculate E,,q. This energy equals uV,
where u is the total bulk density of radiation. In our case it is a black-body equilibrium
radiation given by the Stefan—Boltzmann—Planck law [24, 31]

8wk T*

= — 18
15¢3h3 (18)
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Since the notion of the mass of electromagnetic radiation has been used, it should be indicated
that in the analysis of mutual transformations among elementary particles it is enough to deal
with energies and momenta for those particles, including radiation quanta. The additional
introduction of the radiation mass as its energy divided by ¢> has no special significance
being a trivial consequence of the energy conservation law [32]. However, when one
considers an overall mass of a certain body, e.g., the hollow vessel discussed here, to make no
allowance for the electromagnetic radiation mass inside the cavity will lead to fundamental
error, notwithstanding the numerical smallness of the term in question.

If we know all the constants in equation (18), we estimate Mg as 7 x 107°° g, i.e. itis less
than the electron mass. Nevertheless, one should keep in mind that M,,4 rapidly grows with
T, so that, e.g., for 1200 K the radiation mass in the cavity becomes equal to 1.8 x 107 g.
It is no wonder that My, < Mga™ for normal ambient conditions, when matter dominates

—28

over radiation in the equilibrium state. Nevertheless, both tiny corrections M,,q and Mgg; M to
the vessel mass should be taken into account from the principal point of view.

5. Conclusions

Our study has shown an example of how the abandonment of outdated spurious notions,
such as the ‘relativistic mass’ and finite ‘photon mass’, can lead to useful principal results. In
particular, the consistent relativistic approach adopted here enabled us to resolve the imaginary
conflict between the finite mass of the electromagnetic field contained in a closed volume and
the zero mass of photons as its elementary constituents. In everyday life finite radiation
mass can be neglected for all practical purposes. Nevertheless, it is important to introduce
this finiteness for students as an example of the universal applicability of Einstein’s famous
relationship between mass and energy in its correct original form [27]. The analysis carried out
above has also demonstrated the productivity of the photon concept [26] despite its apparently
non-rigorous character [28, 29].
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